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Abstract
We present a new variant of the spinor techniques for calculating the amplitudes of
processes involving massive fermions with arbitrary polarization. It is relatively simple
and leads to basic spinor products. Our procedure is not more complex than CALCUL
spinor techniques for massless fermions. We obtain spinor Chisholm identities for massive
fermions. As an illustration, expressions are given for the amplitudes of electron-positron
annihilation into fermions-pairs for several polarizations.
1 Introduction
Studies of high-energy processes with polarization are of fundamental importance in under-
standing structure of matter. For example, The European Muon Collaboration (EMC) and
SLAC experiments on deep inelastic scattering of longitudinally polarized muons on longitudi-
nally polarized target have catalyzed an extraordinary outburst of theoretical activity. With
increasing energy of colliders, processes involving many final-state particles ( 2 → 3, 2 → 4,
2→ 5, . . . ) are an important part the present collider’s physics.
The above-listed directions of high-energy physics have a point of intersection. The calcu-
lation of cross sections for these processes is difficult if you used conventional approach. This
approach is to square the Feynman amplitude and therefore it is very inconvenient to implement
if the number of Feynman diagrams and the number of final state particles are large.
An alternative approach is to compute the Feynman amplitudes symbolically or numeri-
cally. The idea of calculating Feynman amplitudes is as old as the conventional approach.
For example, covariant method of calculating amplitudes have developed more thirty years ago
[1]-[3].
Many different methods are proposed for calculating the Feynman diagrams. A particular
spinor technique for massless external fermions was introduced by the CALCUL collaboration
[4]-[6]. Generalizations of CALCUL approach to the massive fermion case exist [5]-[7], but
only for specific choice of the spin projection. We call a this choice KS-spin projection or
simple KS-states (these fermion states often are called helicity states, but it is not correct).
A few methods of analytical calculations of reactions with massive fermions are convenient
for computer symbolic calculations. Except the above mentioned method of group CALCUL,
it is important to mention methods proposed in Refs. [7],[8]. So in Ref.[7] a compact formalism
of evaluating matrix elements based on the insertion in spinor lines of a complete set of states
build up of unphysical spinors was proposed, that has allowed to create a high speed program
of evaluations of Feynman amplitudes.
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The aim of this paper is to present a spinor techniques method for calculating the amplitudes
of processes involving massive fermions with arbitrary polarizations. This approach lead to
expressions of Feynman amplitudes in terms of spinor products. As an illustration we apply
our method to compute amplitudes and cross sections of the electron-positron annihilation
into fermions-pairs for various usual spin projection of fermion states (helicity, KS-states, spin
z-projection of the fermion in its rest frame).
2 Spinor techniques for massless fermions
In this section we briefly recall the spinor techniques of Refs.[4]-[5], but with small modifications.
Let us introduce the orthonormal four-vector basis in Minkowski space 1
n0 = (1, 0, 0, 0) , n1 = (0, 1, 0, 0), n2 = (0, 0, 1, 0), n3 = (0, 0, 0, 1). (1)
They satisfy the completeness relation:
nµ0 · nν0 − nµ1 · nν1 − nµ2 · nν2 − nµ3 · nν3 = gµν (2)
by means of which an arbitrary 4-vector p can be written as:
p = p · n0 · n0 − p · n1 · n1 − p · n2 · n2 − p · n3 · n3 . (3)
Using (1) we can define light-like vectors
b0 = n0 − n3, b3 = n0 + n3, bλ = n1 + i λn2, λ = ±1 (4)
with following properties:
b0 · bλ = 0, b3 · bλ = 0, b0 · b3 = 2, b+ · b− = −2, (5)
1
2
(
bµ0 · bν3 + bµ3 · bν0 − bµ+ · bν− − bµ− · bν+
)
= gµν . (6)
Next we define basic spinor Uλ (b0) by specifying the corresponding projection operator
and phase condition:
Uλ (b0)Uλ (b0) = ωλ 6b0, (7)
λ
2
6bλU−λ (b0) = Uλ (b0) (8)
with matrix ωλ = 1/2 (1 + λγ5) . Our b0 corresponds to the vector called k0 = (1, 1, 0, 0) in
Ref.[5] and instead of k1 = (0, 0, 1, 0) we use bλ.
The CALCUL spinor techniques for calculating processes with massless external fermions
involve the following operations:
1 step: The arbitrary massless spinor Uλ (p) of momentum p and helicity λ is defined in
terms of basic spinor
Uλ (p) =
6p√
2p · b0 U−λ (b0) , (9)
where p 6= constb0.
2 step: Using the spinor Chisholm identity
γµ
{
Uλ (p) γµUλ (k)
}
= 2Uλ (k)Uλ (p) + 2U−λ (p)U−λ (k) (10)
1These are covariant four vectors
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Figure 1: Feynman diagrams for the process e+e− → f f¯
and the equation for any real four-vector p with p2 = 0
6p =∑
λ
Uλ (p)Uλ (p) (11)
we can reduce the amplitudes of processes with massless fermions to expressions involving
spinor products (or inner products)
sλ (p, k) ≡ Uλ (p)U−λ (k) = −sλ (k, p) . (12)
The remaining possible spinor products vanish due to helicity conservation or are reduced to
sλ with the help the of the relation
Vλ (p) = U−λ (p) ,
where Vλ (p) is the bispinor of an antifermion.
As an illustration we present the amplitudes for e+e− → f f¯ , where f is fermion (f 6= e).
The Feynman diagrams for this process are show in Fig.1. Using standard rules the amplitude
can be written as
T (λ1, λ2; ν1, ν2) =
4πα
s
[Tγ (λ1, λ2; ν1, ν2) + TZ0 (λ1, λ2; ν1, ν2)] , (13)
where
Tγ (λ1, λ2; ν1, ν2) = QfV λ2 (p2, sp2) γµUλ1 (p1, sp1)U ν1 (k1, sk1) γ
µVν2 (k2, sk2) , (14)
TZ0 (λ1, λ2; ν1, ν2) = Rz
(
gµν − qµqν/M2Z
)
V λ2 (p2, sp2) γν (g
e
v − geaγ5)Uλ1 (p1, sp1)Uν1 (k1, sk1) γµ
(
gfv − gfaγ5
)
Vν2 (k2, sk2) , (15)
with s = q2 = (p1+p2)
2, Rz = (GFM
2
Zs) /
(
2
√
2πα (s−M2Z)
)
. The gfv , g
f
a are fermion couplings
and α = e2/(4π), GF are the fine-structure and the Fermi constant respectively, Qf is the f
3
charge in units e . The notation sp for bispinors indicates that fermion with momentum p
has fixed polarization vector sp. Using (10), the nonzero amplitude in massless case can be
written in terms of the spinor products (12):
T (λ,−λ; ν,−ν) = 8πα
s
(
Qf +Rz (g
e
v − λgea)
(
gfv − ν gfa
))
[δλ,νsλ (k1, p2) s−λ (p1, k2) + δλ,−νsλ (p2, k2) s−λ (k1, p1)] . (16)
Thus, in the evaluation of the Feynman diagrams with the help of spinor techniques the spinor
products are important ’building’ blocks.
The spinor product (12) due to equations (7)-(8) reduces to the trace 2
sλ (p, k) =
λ
4
Tr (ω−λ 6b0 6p 6k 6bλ)√
b0 · p
√
b0 · k
= (17)
λ
2
[p.b0 k.bλ − k.b0 p.bλ]− iǫ (b0 , bλ , p, k)√
b0 · p
√
b0 · k
= (18)
λ [p · b0 k · bλ − k · b0 p · bλ]√
b0 · p
√
b0 · k
. (19)
From Eqs.(4),(6) for a real light-like vector p it follows that
|p · b+| = |p · b−| =
√
p · b0 p · b3 . (20)
If we define
p · b0 = p0 − pz ≡ p−, p · b3 = p0 + pz ≡ p+, p · bλ =
√
p+ p− exp (iλϕp) , (21)
then it follows that
sλ (p, k) = λ
(√
p− k+ exp (iλϕk)−
√
p+ k− exp (iλϕp)
)
. (22)
The spinor product (22) of two four-vectors is not more complicated than the dot Minkowski
product p.k. It is important, that definition of the spinor product (22) is valid for any real
4-vectors, including also b0 and b3.
There are several possibilities to calculate the amplitude (13). We can construct an or-
thonormal basis (1) with the help of the physical vectors p1, p2, k
n0 =
p1 + p2√
2p1 · p2 , n3 =
p2 − p1√
2p1 · p2 , n
µ
1 = ǫ(µ, n0, n3, n2), n
µ
2 =
ǫ (µ, p1, p2, k1)√
2p1 · p2p1 · k1p2 · k1
(23)
and obtain an analytic expression for the amplitude in terms of dot products.
Also, using (22), we can write the amplitude in terms of the components of the momenta. Fi-
nally, we have the possibility of calculating numerically the amplitude with the help of Eqs.(16),
(22).
3 Spinor techniques for massive fermions
Our procedure will be similar to that presented in the above section. Let us consider bispinors,
which are related to the basic spinor (see appendix of Ref.[6]) by
Uλ (p, sp) =
τλu (p, sp)√
b0 · (p+mpsp)
U−λ (b0) , (24)
2 ǫ (b0 , bλ , p, k) = ǫµνρσb
µ
0
bνλp
ρkσ, ǫ0123 = −1
4
Vλ (p, sp) =
τλv (p, sp)√
b0 · (p+mpsp)
Uλ (b0) , (25)
where the projection operators τλu (p, sp) , τ
λ
v (p, sp) are
τλu (p, sp) =
1
2
( 6p+mp) (1 + λ γ5 6sp) , (26)
τλv (p, sp) =
1
2
( 6p−mp) (1 + λγ5 6sp) . (27)
We obtain
6pUλ (p, sp) = mp Uλ (p, sp) , 6p Vλ (p, sp) = −mp Vλ (p, sp) ,
γ5 6sp Uλ (p, sp) = λUλ (p, sp) , γ5 6sp Vλ (p, sp) = λVλ (p, sp) (28)
i.e. the bispinors Uλ (p, sp) and Vλ (p, sp) satisfy Dirac equation and spin condition for massive
fermion and antifermion. We also found, that the bispinors of fermion and antifermion (24)-(25)
are related by
Vλ (p, sp) = −λγ5U−λ (p, sp) , V λ (p, sp) = U−λ (p, sp)λ γ5. (29)
Let us analyze how many spinor products there are for massive fermions. Obviously, the
case of massive fermions is more difficult in comparison with the massless one. In the general
case for calculating the matrix elements sixteen spinor products are necessary while in the
massless case there are only two. However, it is possible to achieve essential simplification.
We notice that the spinor products are not all linearly independent. Using relations (29)
we can show, that only eight products are linearly independent. We define these basic spinor
products for massive fermions as
Uλ (p, sp)U−λ (k, sk) , Uλ (p, sp)Uλ (k, sk) , V λ (p, sp)Uλ (k, sk) , V λ (p, sp)U−λ (k, sk) .
(30)
As one can see below, the basic spinor products (30) can be calculated with the help of two
functions.
The matrix γ5 is the operator of a spin for massless bispinor i.e.
γ5Uλ (b0) = λUλ (b0) . (31)
Then the definition of bispinors (24)-(25) can be rewritten as
Uλ (p, sp) =
χ (p, sp,+1)
2
√
b0 · (p+mpsp)
U−λ (b0) , (32)
Vλ (p, sp) =
χ (p, sp,−1)
2
√
b0 · (p+mpsp)
Uλ (b0) , (33)
with the function
χ (p, sp, a) = (6p+ amp) (1 + a 6sp) . (34)
Let us introduce the following functions:
υ (p, k, sp, sk, λ, a) ≡ λ
8
Tr
(
ω−λ 6b0χ† (p, sp, a)χ (k, sk,+1) 6bλ
)
√
b0 · (p+mp sp)
√
b0 · (k +mk sk)
, (35)
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w (p, k, sp, sk, λ, a) ≡ 1
4
Tr
(
ω−λ 6b0χ† (p, sp, a)χ (k, sk,+1)
)
√
b0 · (p+mp sp)
√
b0 · (k +mk sk)
. (36)
All the basic spinor products are reduced then to functions (35)–(36):
Uλ (p, sp)U−λ (k, sk) = υ (p, k, sp, sk, λ, a = +1) ,
Uλ (p, sp)Uλ (k, sk) = w (p, k, sp, sk, λ, a = +1) ,
V λ (p, sp)Uλ (k, sk) = υ (p, k, sp, sk,−λ, a = −1) ,
V λ (p, sp)U−λ (k, sk) = w (p, k, sp, sk,−λ, a = −1) . (37)
As for the massless fermions, the spinor products (37) can be calculated through the compo-
nents of vectors p, k, sp, sk. Certainly, the analytical expressions (37) are more complex on a
comparision with the appropriate formulas (19),(22).
An important role in the transformation of the matrix elements to basis spinor products is
played by the spinor identities Chisholm of type (10). For a proof of relation (10) the Chisholm
trace identity was used in Ref.[5]:
γµ Tr(γµ 6C1 . . . 6C2n+1) = 2 (6C1 . . . 6C2n+1+ 6C2n+1 . . . 6C1) . (38)
As an expression of the type Uλ (p, sp) γµUλ (k, sk) is reduced to trace, using the formulas
(24)-(25), (38) it is possible to obtain appropriate spinor identities for massive fermions. In
this case we have four basic identities (compared to one in the massless case):
γµ
{
Uλ (p, sp) γµUλ (k, sk)
}
= Uλ (k, sk)Uλ (p, sp) + U−λ (p, sp)U−λ (k, sk) +
+V−λ (k, sk)V −λ (p, sp) + Vλ (p, sp)V λ (k, sk) , (39)
γµ
{
Uλ (p, sp) γµU−λ (k, sk)
}
= U−λ (k, sk)Uλ (p, sp)− U−λ (p, sp)Uλ (k, sk) +
+Vλ (p, sp)V −λ (k, sk)− Vλ (k, sk)V −λ (p, sp) , (40)
γµ
{
V λ (p, sp) γµU−λ (k, sk)
}
= U−λ (k, sk)V λ (p, sp) + V−λ (p, sp)Uλ (k, sk) +
+Vλ (k, sk)U−λ (p, sp) + Uλ (p, sp)V −λ (k, sk) , (41)
γµ
{
V λ (p, sp) γµUλ (k, sk)
}
= Uλ (k, sk)V λ (p, sp) + Uλ (p, sp)V λ (k, sk)−
−V−λ (k, sk)U−λ (p, sp)− V−λ (p, sp)U−λ (k, sk) . (42)
The remaining possible combinations are reduced to the above ones with the help of relations
(29). For massless fermions the relations (39) and (41) are identical (to within the replacement
λ→ −λ) and pass into (10), and Eqs.(40) and (42) both sides are zero.
Using (39)-(42), and Dirac equation we can write the analytical expression of a matrix
element (13) in terms of spinor products. We represent the amplitude by T (λ,−λ;λ,−λ)
for massive fermions with arbitrary polarizations as an example of our type of spinor
techniques:
T (λ,−λ;λ,−λ) = 4πα
s
{
(
Qf +Rz
(
geag
f
a + g
e
vg
f
v
))
[υ (k1, p2, λ,−1) υ (p1, k2,−λ,−1) + υ (k1, p2, λ, 1)υ (p1, k2,−λ, 1)]−
λRz
(
gfag
e
v + g
e
ag
f
v
)
[υ (k1, p2, λ, 1)υ (p1, k2,−λ,−1) + υ (k1, p2, λ,−1) υ (p1, k2,−λ, 1)]−(
Qf +Rz
(
geag
f
a − gevgfv
))
[w (k1, p1, λ,−1)w (p2, k2, λ,−1)− w (k1, p1, λ, 1)w (p2, k2, λ, 1)]−
λRz
(
gfag
e
v − geagfv
)
[w (k1, p1, λ, 1)w (p2, k2, λ,−1)− w (k1, p1, λ,−1)w (p2, k2, λ, 1)]−
4Rzg
e
ag
f
amkmpw (k1, k2, λ, 1)w (p2, p1, λ, 1) /M
2
Z } , (43)
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where we use the notation υ (p1, k2, λ, 1) ≡ υ (p, k, sp, sk, λ, 1) (and a similar one for w). Analo-
gous expressions can be written for other spin configurations of fermions. The amplitude with
massive fermions looks more complicated than the massless one (16),but we will see below, that
the amplitude (43) has a simple form.
4 Spinor products
Let us calculate the functions υ (p, k, sp, sk, λ, a) and w (p, k, sp, sk, λ, a) for several spin projec-
tion of the fermion states.
The polarization vector sp of a fermion can be expressed through the momentum of the
fermion as
sp =
p · qp p−m2p qp
mp
√
(p · qp)2 −m2p q2p
, (44)
where qp is an arbitrary vector (qp 6= const p). It is easy see, that sp satisfies to standard
conditions:
s2p = −1, p · sp = 0. (45)
Choosing
qp = n0 = (1, 0, 0, 0) (46)
we find in this case that the state of polarization of a fermion is the helicity state .
Taking
qp = b0 = n0 − n3 (47)
then the polarization vector (44) can be written as
sp =
p
mp
−mp b0
p · b0 . (48)
Let us call the fermion states with this choice of the spin quantization vector the KS
states(see [5]). As we see, helicity states and KS states are different in the general case.
Finally, if in the rest frame of the fermion sp = n3 (axis of spin projection is z-axis) we have
the fermion polarized states, which will be called the z states.
The spinor products can be rewritten as functions
υ (p, k, sp, sk, λ, a) ≡ υ (p, k, qp, qk, λ, a) ,
w (p, k, sp, sk, λ, a) ≡ w (p, k, qp, qk, λ, a) . (49)
For the calculation of the amplitudes it is often assumed that qp = qk = . . . ≡ q i.e. all
fermions have the same polarized states (helicity, KS, z or another possible state). The spinor
products υ and w are denoted
υhel (p, k, λ, a) , whel (p, k, λ, a) , υKS (p, k, λ, a) , wKS (p, k, λ, a) , υz (p, k, λ, a) , wz (p, k, λ, a)
(50)
for helicity, KS and z states respectively.
Using (35)-(36) we express the functions υ and w through the components of the vectors.
For the vectors p = (p0, px, py, pz) and k = (k0, kx, ky, kz) we obtain:
υhel (p, k, λ, a) =
λ
(
ampmk +
(
k0 +
∣∣∣~k∣∣∣) (p0 + |~p|))√
4
∣∣∣~k∣∣∣ |~p| (k0 + ∣∣∣~k∣∣∣) (p0 + |~p|){
eiλϕk
√(∣∣∣~k∣∣∣+ kz) (|~p| − pz)− eiλϕp
√(∣∣∣~k∣∣∣− kz) (|~p|+ pz)
}
, (51)
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whel (p, k, λ, a) =
(
amp
(
k0 +
∣∣∣~k∣∣∣)+mk (p0 + |~p|))√
4
∣∣∣~k∣∣∣ |~p| (k0 + ∣∣∣~k∣∣∣) (p0 + |~p|){√(∣∣∣~k∣∣∣− kz) (|~p| − pz) + eiλ(ϕk−ϕp)
√(∣∣∣~k∣∣∣+ kz) (|~p|+ pz)
}
, (52)
υKS (p, k, λ, a) = λ { eiλϕk
√
p0 − pz
√
(k0 + kz)−m2k/ (k0 − kz)− eiλϕk√
k0 − kz
√
(p0 + pz)−m2p/ (p0 − pz) } , (53)
wKS (p, k, λ, a) = amp
√
(k0 − kz) / (p0 − pz) +mk
√
(p0 − pz) / (k0 − kz), (54)
υz (p, k, λ, a) =
λ√
4 (k0 +mk) (p0 +mp)
{ eiλϕp
√
|~p|2 − (pz)2
[
(a− 1)
(
k0 +mk
)
+ (a+ 1) kz
]
−eiλϕk
√∣∣∣~k∣∣∣2 − (kz)2 [(a− 1) (p0 +mp)+ (a+ 1) pz] } , (55)
wz (p, k, λ, a) =
1√
4 (k0 +mk) (p0 +mp)
{
[
(a+ 1)
(
k0 +mk
)
+ (1− a) kz
] (
p0 +mp
)
+ [ (a− 1)
(
k0 +mk
)
−
(1 + a) kz ] pz − λeiλ(ϕp−ϕk)
√(∣∣∣~k∣∣∣2 − (kz)2) (|~p|2 − (pz)2) (a+ 1) } . (56)
As one can see, the analytical expressions (51)-(56) looks a little bit more complicated in the
corresponding relation (22). In the massless limit, the mass term in (51)-(54) can be dropped.
As a result, for the functions υhel and υKS we obtain the expression (22). Since all z states have
only one spin projection (z-axis in rest frame), the massless limit is absent for these polarized
states in general.
Let us consider possible unstable situations, which can arise in numerical calculations. There
are the denominators in (51)-(56), hence the ambiguity of type 0/0 can appear in the calcula-
tions. Obviously we have not problems with helicity for massive and massless fermions and z,
KS states for massive fermions. If one chooses the vector k = (k0, 0, 0, k0) (the massless fermion
moving along z-axis), then the expressions for the KS states (53)-(54) contain the ambiguity of
type 0/0. In this situation for υKS and wKS we have the rule in the massless limit :
1 step. To take the mass of the fermion equal to zero.
2 step. Only after 1 step we calculate the spinor products through the components of the
vectors.
If another spin projection sk is interest of we can decompose the any bispinor Uλ (p, sp) in
terms of the another bispinor Uν (k, sk) with the help of spinor products, using completeness
relation of the bispinors (24)- (25):
∑
ν
Uν (k, sk)Uν (k, sk)− Vν (k, sk)V ν (k, sk)
2mk
= 1. (57)
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As an example we present the matrix of decomposition for KS and helicity states through
the components of the momenta:
Uλ (p, hel)Uν (p,KS)
2mp
= δλ,ν
√√√√(p0 + |~p|) (|~p| − pz)
2 |~p| (p0 − pz) − λδλ,−ν e
iλϕp
√√√√(p0 − |~p|) (|~p|+ pz)
2 |~p| (p0 − pz) . (58)
The other important building block is the element of the current Jµ defined as follows
Jµu (p, k, sp, sk;λ, ν) ≡ Uλ (p, sp) γµUν (k, sk) ,
Jµv (p, k, sp, sk;λ, ν) ≡ V λ (p, sp) γµUν (k, sk) . (59)
Using the completeness identity (6) we obtain that the current J of type (59) can be written
Jµ (p, k, sp, sk;λ, ν) =
1
2
(b0 · J · bµ3 + b3 · J · bµ0 − b+ · J · bµ− − b− · J · bµ+) (60)
It is easy to verify that the terms b0 ·J and other are reduced then to spinor products υ and w.
Using the analytical expressions (51)-(56) we obtain coefficients of decomposition (60) through
the components of the vectors (see these coefficients for helicity states in appendix A).
We now have all the tools necessary to express any Feynman diagrams with arbitrary fermion
polarizations in terms of the spinor products or the components of the momenta.
5 Application
As an illustration of our method we present the helicity and KS amplitudes for process e+e− →
f f¯ . Should be noted, that the spinor techniques with functions (53)-(54)(KS states) are used
for the calculating of amplitudes of e+e− → f f¯ + nγ with massless electron and positron [9].
Also we take the massless e+ and e−. For completeness we have included expressions of helicity
amplitude (13) with all massive fermion in appendix B.
We will work in the center of momentum system with the initial particles moving along
z-axis. In this frame the momenta take the form
p1 =
√
s
2
(1, 0, 0, 1) − for e−,
p2 =
√
s
2
(1, 0, 0,−1) − for e+,
k1 =
√
s
2
(1, βksinθ, 0, βk cosθ) − for f,
k2 =
√
s
2
(1,−βk sinθ, 0,−βk cosθ) − for f¯ , (61)
where s = (p1 + p2)
2, βk =
√
1− 4m2k/s.
Using (43),(51)-(54) it is simple obtain the helicity and KS amplitudes:
Thel (λ,−λ, ν1, ν2) = 4πα
s
( δν1,−ν2 { (−s) (1 + λν1cosθ)
[
Qf +Rz (g
e
v − λgea)
(
gfv − ν1βkgfa
)]
}+
δν1,ν2 { 2λ
√
smk sinθ
[
Qf +Rzg
f
v (g
e
v − λgea)
]
} ) , (62)
TKS (λ,−λ, ν1, ν2) = 4πα
s
(
√
s
1− β2k cos2θ
{ δν1,−ν2(−1)
√
sβk sinθ (1 + λν1βkcosθ)
[
Qf +Rz (g
e
v − λgea)
(
gfv − ν1gfa
)]
}+ δν1,ν2 { 2 (λ+ ν1)mk [Qf +Rz (gev − λgea)(
gfv + ν1βkg
f
a cosθ
)]
} ) . (63)
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Figure 2: The angular cross section for the helicity and KS polarized states
The helicity amplitude (62) coincide with the amplitude, which was obtained in Ref.[10] up to
the phase factor.
In Eqs.(62) and (63) ν1, ν2 correspond to the values of the helicity and KS fermion’s po-
larization respectively. As one can see, the helicity and KS amplitudes have the different
angular dependence for same values ν1, ν2 . In Fig.2 we represent the angular cross sections
dσKS1,−1,1,−1 (z) /dz and dσ
hel
RL,RL (z) /dz (z = cosθ) of the process e
+e− → tt¯ with √s = 0.5 TeV .
From our example we see, that it is incorrect to call the KS states helicity ones (see,[7]). It
is to verify that the unpolarized cross sections, which can obtained from the helicity and KS
amplitudes are coincide.
6 Concluding Remarks
We have presented a new spinor techniques method for calculating the amplitudes of processes
involving massive fermions with arbitrary polarizations. The method allows one obtain to a
Feynman amplitude in terms of spinor products.
We determined , that all possible spinor product can be calculated with the help of the two
functions only. We have received the analytical expressions of spinor products for vectors of
polarizations of fermions which frequently in the physical appendieces (helicity, KS and z-state).
Are discussed possible unstable situations, which can arise in the numerical calculations.
Our procedure is not more complex than CALCUL spinor techniques for massless fermions.
The method can be adopted to both analytical and numerical computations. The our variant
of spinor techniques is convenient for a realization on the computer, as massless variant. As
an example, all procedure of reduction of Feynman diagram to spinor products are constructed
with the help of the simple rule-based program in Mathematica.
We obtained the spinor Chisholm identities for massive fermions with arbitrary polarization.
As an illustration, the expressions are given for the amplitudes of electron-positron annihi-
lation into fermions-pairs for helicity and KS-states.
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8 Appendix A
We can write the Feynman amplitudes in terms of the current object (59). For example the
matrix element (14) can be rewritten in terms of the dot products of the Jµ
Tγ (λ1, λ2; ν1, ν2) = Qf (−ν1ν2) {Jv (p2, p1, sp2, sp1;λ2, λ1) .Jv (k1, k2, sk1, sk2;−ν1,−ν2)} . (64)
Therefore, in the calculations the currents are important building blocks.
For massless fermions we can obtain any process in terms of the dot products Jv ,Ju and
the four-vectors of reaction. This formalism (E-vector formalism) are used in Ref. [11]. But
the terms, which not reduce to the these dot products are exist, if the all fermions are massive.
Using (7), the dot product b0 · J reduces to the spinor products:
b0 · Ju (p, k, sp, sk;λ, ν) ≡ Uλ (p, sp) 6b0Uν (k, sk) =
∑
ρ
{
Uλ (p, sp)Uρ (b0)
} {
Uρ (b0)Uν (k, sk)
}
.
(65)
Thus we obtain analytical expressions of the current coefficients through the components of the
vectors. For helicity states we have:
b0 · Jhelu (p, k, λ,−λ) = λ [
√
(p0 + |~p|)
(
k0 −
∣∣∣~k∣∣∣)√(1 + βz(k)) (1− βz(p))eiλϕk −√
(p0 − |~p|)
(
k0 +
∣∣∣~k∣∣∣)√(1− βz(k)) (1 + βz(p))eiλϕp ] , (66)
b0 · Jhelu (p, k, λ, λ) =
√
(p0 + |~p|)
(
k0 +
∣∣∣~k∣∣∣)√(1− βz(k)) (1− βz(p)) +√
(p0 − |~p|)
(
k0 −
∣∣∣~k∣∣∣)√(1 + βz(k)) (1 + βz(p))eiλ(ϕp−ϕk), (67)
b3 · Jhelu (p, k, λ,−λ) = λ [
√
(p0 − |~p|)
(
k0 +
∣∣∣~k∣∣∣)√(1 + βz(k)) (1− βz(p))eiλϕk −√
(p0 + |~p|)
(
k0 −
∣∣∣~k∣∣∣)√(1− βz(k)) (1 + βz(p))eiλϕp ] , (68)
b3 · Jhelu (p, k, λ, λ) =
√
(p0 − |~p|)
(
k0 −
∣∣∣~k∣∣∣)√(1− βz(k)) (1− βz(p)) +√
(p0 + |~p|)
(
k0 +
∣∣∣~k∣∣∣)√(1 + βz(k)) (1 + βz(p))eiλ(ϕp−ϕk), (69)
bν · Jhelu (p, k, λ,−λ) =
[√
(p0 − |~p|)
(
k0 +
∣∣∣~k∣∣∣)−
√
(p0 + |~p|)
(
k0 −
∣∣∣~k∣∣∣)
]
{ δλ,ν
√
(1− βz(k)) (1− βz(p))−
√
(1 + βz(k)) (1 + βz(p))(
ei(ϕk+ϕp)δλ,1δν,1 − e−i(ϕk+ϕp)δλ,−1δν,−1
)
} , (70)
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bν · Jhelu (p, k, λ, λ) =
[√
(p0 + |~p|)
(
k0 +
∣∣∣~k∣∣∣)−
√
(p0 − |~p|)
(
k0 −
∣∣∣~k∣∣∣)
]
{
√
(1 + βz(k)) (1− βz(p))
[
δλ,1δν,−1e
−iϕk + δλ,−1δν,1e
iϕk
]
√
(1− βz(k)) (1 + βz(p))
[
δλ,1δν,1e
iϕp + δλ,−1δν,−1e
−iϕp
]
} , (71)
where βz (k) = k
z/
∣∣∣~k∣∣∣ and in Eqs.(70)-(71) ν = ±1.
9 Appendix B
In the center of momentum system with the initial particles moving along z-axis, momenta of
massive fermions take form:
p1 =
√
s
2
(1, 0, 0, βp) − for e−,
p2 =
√
s
2
(1, 0, 0,−βp) − for e+,
k1 =
√
s
2
(1, βksinθ, 0, βk cosθ) − for f,
k2 =
√
s
2
(1,−βk sinθ, 0,−βk cosθ) − for f¯ , (72)
where βp =
√
1− 4m2p/s. Using (43) and (51)-(52) we compute the helicity amplitudes :
Thel (λ,−λ, ν1, ν2) = 4πα√
s
( − δν1,−ν2
√
s (1 + λν1cosθ)[
Qf +Rz (g
e
v − λβpgea)
(
gfv − ν1βkgfa
)]
+ δν1,ν22λmk sinθ
[
Qf +Rzg
f
v (g
e
v − λβpgea)
]
) ,(73)
Thel (λ, λ, ν1, ν2) =
4πα
s
( 4mkmpδν1,ν2 [ Qf − Rz
(
gevg
f
v + λν1g
e
ag
f
a
(
s/M2Z − 1
)
cosθ
)
]
−δν1,−ν2mp
√
sgeaRz sinθ
[
βkg
f
v + ν1g
f
a
(
4m2k/M
2
Z − 1
)]
) . (74)
These expressions have a compact form and in the massless limit for e+ and e− pass into (62).
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Figure captions
Fig. 1 Feynman diagrams for the process e+e− → f f¯
Fig. 2 The angular cross section for the helicity and KS polarized states
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